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Ordinary Least Squares Regression

OLS Model Framework

The problem framework is one in which we have observations { y1,Y>, . . . , Yn} from arandom variable Y which
we are interested in predicting, based on the observed values {{ x11,X21, . . ., Xna}, {X12,%22, - - - Xn2}, - - -,
{X1p:X2ps - - -, Xn,p}, from p independent explanatory random variates { Xy, X, . .., Xp}. Ourinitial assumptionis

that the Xjare independent, but relax that condition and consider the case of collinear (i.e. correlated) explanatory
variablesin the general case.
We frame the problem in matrix form as:

Y =XB + €,

whereeisassumed ~ No[0, o]

Y isthe[n x 1] matrix of observationsy;
Xisthe[n xp] matrix of observationsx;

and Bisan unknown [p x 1] vector of coefficientstobeestimated
The aim isto find a solution which minimizes the mean square error:

1 S 1 . 1
- E € == E i =X B2 == (Y = BOT.(Y = BX)
n n n

i=1 i=1

which hasthewell known solution :
B=("x)™(xTY)

In Mathematica there are several waysto accomplish this, for example:

OLSRegression[Y_, X ]:=Mdul e[
{XT=Tr anspose [X] },

Z=Li near Sol ve [XT. X, XT. Y]

1

The Problem of Collinearity

Difficulties begin to emerge when the assumption of independence no longer applies. Whileit is still possible to
conclude whether the system of explanatory variables X has explanatory power as a whole, the correlation between
the variables means that it no longer possible clearly distinguish the significance of individual variables. Estimates
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of the beta coefficients may be biased, understating the importance of some of the variables and overstating the
importance of others.

Example of Collinear Variables

This example is based on the original paper on lasso regression (Tibshirani, 1996) and a subsequent paper by Zou
and Hastie (2004). We have 220 observations on eight predictors. We use the first 20 observations for model
estimation and the remaining 200 for out-of-sample testing. We fix the parameters 8 and o and set the correlation
between variables X3, and X, to be 0.5~ as follows:

nCbs =200; ¢=3; B={3, 1.5 0, 0, 2, 0, 0, 0};

% =Tabl e[0. 501, (i, 1, 8}, {j, 1, 8}] // MatrixForm
1. 0.5 0.25 0.125 0.0625 0.03125 0.015625 0.0078125
0.5 1 0.5  0.25 0.125 0.0625 0.03125 0.015625
0.25 0.5 1. 0.5 0.25 0.125 0.0625 0.03125
0.125 0.25 0.5 1. 0.5 0.25  0.125  0.0625
0.0625  0.125  0.25 0.5 1 0.5 0.25 0.125
0.03125 0.0625 0.125 0.25 0.5 1. 0.5 0.25
0.015625 0.03125 0.0625 0.125 0.25 0.5 1. 0.5
0.0078125 0.015625 0.03125 0.0625 0.125  0.25 0.5 1

e = RandonVari ate[d = Normal Di stri bution[0, o], nObs];
X = RandonReal [{-100, 100}, {nCbs, 8}1;

Y=X B+e€;

H st ogram[Y]
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In the context of collinear explanatory variables, our standard OLS estimates will typically be biased. In this
examples, notice how the relatively large correlations between variables 1-4 induces upward bias in the
estimates of the parameters 83 and 4, (and downward bias in the estimates of the parameters 85 and 7.

Bo = OLSRegressi on[Take[Y, 20], Take[X, 207]]

{3. 00439, 1.50906, 0.0145471, 0.0383589, 1.9809, -0.0106091, -0.00378074, -0.00259506}
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Generalized Regression

Penalized OLS Objective Function

We attempt to deal with the problems of correlated explanatory variables by introducing a penalty component to
the OLS objective function. The idea is to penalize the regression for using too many correlated explanatory
variables, asfollows:

n
1
WLS=-— g i = Xi B)? + APy,
n
i=1
with

P(l’

b 1
Yl a-op ol
j=1 2

In[819]:=

WLSTY , X_, A, a_, B_] := Module[
{n = Length[Y], m = Length[ 3], W, P},
Z=Y- X.B;

1
Z.7;

W=—
n
m

P

1
> [5 (1-a /3[[i]]2+aAbS[/3[[i]]]];
i=1

W+2aP

+

Nonstandard Regression Types
In the above framework:
e =0 ridgeregression
e =1 lasso regression
e € (0, 1) elastic net regression

We use the Mathematica NMinimze function to find a global minimum of the WLS objective function, within a
specified range for «, asfollows:

GeneralRegression[Y_, X_, A_, aRange_] := Module[
{nIndep = Last[Dimensions[X]], b},
b = Table[Unique[b], {1+ nlIndep}];
Reg = NMinimize[
{WLSL[Y, X, A, b[[1]], Drop[b, 1]], aRange[[1]] <b[[1]] < aRange[[2]]1}, b];
coeff =b /. Last[Reg];
{Reg[[1]], coeff[[1]], Drop[coeff, 1]}
]

NMinimze employs a variety of agorithms for constrained global optimization, including Nelder-Mead, Differen-
tial Evolution, Simulated Annealing and Random Search. Details can be found here.


http://reference.wolfram.com/legacy/v6/tutorial/ConstrainedOptimizationGlobalNumerical.html
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The General Regression function returns the minimized WLS value, the optimal a parameter (within the constraints
set by the user), and the optimal weight vector .

Reproducing OL S Regression

Here we simply set A=0 and obtain the same estimates ,éo as before (note that the optimal « value is negative):

GeneralRegression[Take[Y, 20], Take[X, 20], O, {-20, 20}]

{4.52034, -5.47031, {3.00439, 1.50906, 0.0145471,
0. 0383589, 1.9809, -0.0106091, -0.00378074, -0.00259506} }

Ridge Regression

Herewe set A=1 and constrain & = 0. Note that the value of the penalized WLS is significantly larger than in
the OLS case, due to the penalty term P,,

Gener al Regressi on[Take[Y, 20], Take[X, 20], 1, {0, 0}]

{12. 134, 0., {3.00387, 1.50879, 0.0145963,
0. 0385133, 1.98083, -0.0105296, -0.00378282, -0.00267926} }

L asso Regression

Herewe set A=1 and constrain « = 1. Note that the value of the penalized WLS s |lower than Ridge regression:

Gener al Regressi on[Take[Y, 20], Take[X, 20], 1, {1, 1}]

{11. 0841, 1., {3.00424, 1.50904, 0.0143872,
0. 0381963, 1.98082, -0.010514, -0.00360641, -0.00248904}}

Elastic Net Regression

Herewe set A=1 and constrain « to liein therange (0, 1). In this case the optimal value of a = 1, the same as
for lasso regression:

Gener al Regressi on[Take[Y, 20], Take[X, 20], 1, {0, 1}]

{11. 0841, 1., {3.00424, 1.50904, 0.0143872,
0. 0381963, 1.98082, -0.010514, -0.00360641, -0.00248904} }

Generalized Regression

Herewe set A=1 and constrain « to lie in awider subset of R, for example (-5, 5):

Gener al Regr essi on[Take[Y, 20], Take[X, 201, 1, {-20, 20}]

{-9.42129, 20., {3.01909, 1.51991, -8.01608 x 10°°,
-1.28294 x10°%, 2.01397, 0.0370202, -6.15894x10°°, -8.15124 x10°}}



http://reference.wolfram.com/legacy/v6/tutorial/ConstrainedOptimizationGlobalNumerical.html
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Empirical Test

We conduct an empirical test of the accuracy of the various regression methods, by simulating 100 data sets
consisting of 220 observations (20 in-sample, 200 out-of-sample), with regressors and parameters as before. For
each of the regression methods we calculate the MSE from the out-of-sample data, using coefficients estimated
using the in-sample data.

First, create afunction to calculate the Mean Square Error:

MSE[Y_, X_, b_]:=Module[
{nObs=Length[Y], Z =Y - b.Transpose[X]},
Z.Z/nObs
1

Now create atest program to run multiple samples:

o

In[837]:

G

i =1; nEpochs =100; MSSO = Tabl e[@¢, {nEpochs}]; MSS1 = Tabl e[@, {nEpochs}];
MSS2 = Tabl e[@, {nEpochs}]; MSS3 = Tabl e[@, {nEpochs}]; M5S4 = Tabl e[¢, {nEpochs}];
Wi | e [i < nEpochs,

e = RandonVari ate[d = Normal Di stri bution[0, o], nObs];

X = RandonReal [{-100, 100}, {nCbs, 8}1;

Y=X B+e€;

Paral l elize[

b0 = Last [Gener al Regressi on[Take[Y, 20], Take[X, 201, 0, {-20, 20}11;
bl = Last [Gener al Regressi on[Take[Y, 20], Take[X, 207, 1, {0, 0}171;
b2 = Last [Gener al Regressi on[Take[Y, 20], Take[X, 201, 1, {1, 1}11;
b3 = Last [Gener al Regressi on[Take[Y, 20], Take[X, 201, 1, {0, 1}11;

b4 = Last [Gener al Regressi on[Take[Y, 20], Take[X, 201, 1, {-20, 20}11;

MBSO[[i 11 = MSE[Drop[Y, 20], Drop[X, 20], bO7;
MBSL[[i 1] = MSE[Drop[Y, 20], Drop[X, 20], bl];
MBS2[[i 1] = MSE[Drop[Y, 20], Drop[X, 20], b21;
MBS3[[i 1] = MSE[Drop[Y, 20], Drop[X, 20], b31;
MBS4[[i]] = MSE[Drop[Y, 20], Drop[X, 201, b41]; i ++];

MBS = {M5SO, MSS1, MsS2, MSS3, MsS43};

The average out-of-sample M SE for each regression method is shown in the cell below. The average MSE for the
Generalized regression is significantly lower than for other regression techniques.

In[842]:=

Nunber For m[ {Mean [M5S0], Mean[MSS1], Mean[M5S2], Mean[MSS3], Mean[MBS41}, {4, 2}]

Out[842]//NumberForm=

{14. 69, 14.66, 14.51, 14.51, 13. 23}

Thelower MSE is achieved by lower estimated values for the zero 3 coefficients:
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In[849]:=

{b0, b1, b2, b3, b4} // Matri xForm

Out[849]//MatrixForm=

3.01483 1.51507 -0.00115002 0.00488936 2.01666 0.00341592 -0.0162198 0.0178!
3.01352 1.51359 -0.000842353 0.00413787 2.01553 0.00262603 -0.0161391 0.0176:
3.01417 1.51359 -0.000769123 0.00413357 2.01575 0.00240096 -0.0160634 0.0174-
3.01417 1.51359 -0.000769123 0.00413357 2.01575 0.00240096 -0.0160634 0. 0174
3.02687 1.51527 -5.25723x10°1° 0.00477497 2.02069 1.28321x107 -0.0145281 0.0146¢

A comparison of the histograms of the MSE’s for each of the regression methods underscores the superiority of the
Generalized Regression technique:

In[844]:=

Snoot hHi st ogram[MsS, Pl ot Label -» "Mean Square Errors (Qut of Sanple)"]
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